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Abstract
Dipole force traps for dark-ﬁeld seeking states of atoms and molecules require regions of low intensity that are
completely surrounded by a brighter optical ﬁeld. Confocal cavities allow the resonant enhancement of these interesting
transverse mode superpositions, and put deep far-oﬀ-resonance traps within reach of low-power diode lasers. In this
paper, we show how an array of dark-ﬁeld rings may be created simply using a single Gaussian beam. Such a geometry
lends itself to the study of toroidal Bose–Einstein condensates.  2002 Elsevier Science B.V. All rights reserved.
1. Introduction
The optical scattering force is routinely used to
cool, conﬁne and manipulate atoms [1], but it is
not suitable for species whose spectral complexity
causes population loss from the trapping transi-
tions. The dipole force [2] in principle avoids such
eﬀects. It can act towards or away from regions of
high intensity, depending upon the sign of the
detuning of the laser from the radiative transition,
and incoherent scattering is reduced by moving far
from resonance [3,4], where spontaneous emission
is low. In most applications, the laser has been
detuned to the red, so that the atoms are attracted
towards the intense focus of the laser beam [5].
Despite some residual scattering, such schemes
have been used to produce an atomic Bose–Ein-
stein condensate (BEC) [6], to allow the controlled
delivery of single atoms [7], and to trap caesium
dimers [8].
When the laser is instead detuned to the blue of
the radiative transition, the species seek dark, low-
ﬁeld regions where they are substantially undis-
turbed; the reduced rate of spontaneous scattering
allows storage times of the order of a second,
which are suﬃcient for most experiments [9]. For
the dark-ﬁeld seeking force to provide conﬁne-
ment, however, we require regions of low intensity
that are completely surrounded by a brighter op-
tical ﬁeld. Such a ﬁeld is not oﬀered by a simple
TEM00 laser beam and various schemes have in-
stead been adopted, using sheets of light [10] or the
time-average of a rotating laser beam [11].
Zemanek and Foot [12] have shown how a line of
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traps might be formed by the interference between
counter-propagating Gaussian beams of diﬀerently
sized but coincident waists. Other schemes use
complex beams such as Laguerre–Gaussians and
their superpositions, produced using cylindrical
optics [13,14], waveplates [9] or, more robustly,
holographic mode-converters [15,16].
Far-oﬀ-resonance dipole force traps need high
laser intensities to oﬀset the weakness of the in-
teraction and, as the optical absorption is small,
resonant cavities have been used to enhance the
trapping beams [17–19]. Single standing-wave
cavity modes are however suitable only for red-
detuned (high-ﬁeld seeking) traps, for the exact
cancellation of the forward and backward travel-
ling beams produces nodal surfaces of zero inten-
sity along which dark-ﬁeld seeking species would
escape. Laguerre–Gaussian modes of a travelling-
wave cavity allow conﬁnement in two dimensions
[20–23], although the translational symmetry pro-
hibits intrinsic axial conﬁnement, which must be
provided by additional beams [14].
We show here that a three-dimensional blue-
detuned trapping ﬁeld could be both produced and
enhanced by a confocal standing-wave cavity,
whose alignment proves not to be unduly critical.
As shown in Fig. 1, a single Gaussian laser beam is
focussed into the cavity to form at its centre a
waist somewhat larger than that of the funda-
mental cavity mode; the waist of the backward
travelling beam, formed by subsequent reﬂection
at the second cavity mirror, is then smaller than
the mode waist by the same factor. These beams
correspond to superpositions of the cavity modes
which, when the cavity is confocal, are simulta-
neously resonant, and it is destructive interference
between them that generates the intensity minima
of the trap. Our scheme is inspired by the ar-
rangement suggested by Zemanek and Foot [12]
but, where they suggested equal axial intensities,
the two beams here are of equal power. This
modiﬁcation dramatically changes the trapping
volumes from axial wells into a series of coaxial
rings, spaced half a wavelength apart. This is, to
the best of our knowledge, the ﬁrst method to be
proposed for the realization of a dipole force trap
with a blue-detuned toroidal geometry, and is
achieved using simple concave mirrors and a single
Gaussian beam.
The cavity-enhanced dipole force has already
been applied to studies of cavity quantum elec-
trodynamics [17,18,24] and quantum computing
[7,25]. Dissipative interaction with the cavity ﬁeld
has also been proposed as a mechanism for cooling
the conﬁned sample [26–28]. The use of confocal
cavities would allow the dark-ﬁeld seeking dipole
force to be applied to such studies. The speciﬁc
trapping geometry described here could be useful
for the investigation of persistent currents and
vortices in quantum degenerate gases [29], as well
as for studies of the coupling between adjacent
microtraps.
The spectral complexity of molecular species
presents particular challenges for optical trapping,
for residual scattering may remove population
catastrophically and, thanks to the distribution
Fig. 1. A confocal resonator supports modes which superpose to form Gaussian beams whose waist sizes depend upon the direction of
propagation. The positions of the trap minima are indicated by the dotted lines.
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across rotational states, the trapping laser cannot
be brought as close to resonance as with atomic
candidates. Molecules have therefore hitherto been
trapped only using the red-detuned force of pow-
erful mainframe lasers [8]: with cavity enhance-
ment, they could be conﬁned in less perturbing
blue-detuned potentials using only modest laser
powers. Indeed, cavity enhancement allows the
trapping ﬁeld to be tuned further from resonance
for any species, thus oﬀering lower scattering rates
for the same trap depth. In the scheme presented
here, the trap minima lie on a surface which falls
throughout within the fundamental Gaussian
mode of the same cavity, so the same mirrors
could be used to detect the trapped species using
cavity-enhanced techniques [30,31].
2. Analysis
The electric ﬁeld of a normalized Laguerre–
Gaussian beam of order (p;m), waist radius wð0Þ
and wavelength k, propagating in a positive di-
rection along the z-axis, may be written in terms of
the wavenumber k ¼ 2p=k and Rayleigh range
zR ¼ pw20=k by
Epmðr; zÞ
¼
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Such beams, which have p oﬀ-axis nodes as a
function of radius and acquire 2pm radians of
phase per azimuthal revolution, are the modes of a
confocal cavity of length l when zR ¼ l=2 and z ¼ 0
lies at the centre of the cavity; we label these modes
Eð0Þpm and the associated waist parameter wð0Þ ¼ w0.
A coaxial Gaussian beam E
ð1Þ
00 ðr; zÞ, whose waist
w1 6¼ w0 also lies at the centre of the cavity, may
because of its cylindrical symmetry be written as a
superposition of the cavity modes for which m ¼ 0,
E
ð1Þ
00 ðr; zÞ ¼
X
p
apE
ð0Þ
p0 ðr; zÞ: ð2Þ
The coeﬃcients ap are given simply by
ap ¼ 2aþ a1
a a1
aþ a1
 p
; ð3Þ
where a ¼ w0=w1. Clearly, a beam of waist
w2 ¼ aw0 will have the same coeﬃcients ap apart
from a sign-changing phase term ð1Þp. Such a
term is indeed introduced with each half round-
trip of the cavity, as a result of the Gouy phase
shift 2 expðið2p þ jmj þ 1Þp=4Þ; the cavity mirror
thus re-focusses the Gaussian beam to a waist w2
at the cavity centre, as we would expect from a
more conventional treatment of Gaussian beam
propagation, and the diﬀerence between forward
and backward travelling beams destroys the exact
cancellation that prevented conﬁnement. The sec-
ond cavity mirror causes the original beam to be
reproduced after a complete round trip.
The two beams, equal in power, are of equal
intensity at a radius r0ðzÞ given by
r0ðzÞ2 ¼ lnw1ðzÞw2ðzÞ
	
1
w2ðzÞ2
 
 1
w1ðzÞ2
!
: ð4Þ
The trapping regions thus form a series of coaxial
rings, spaced by k=2. The lowest part of the con-
ﬁning potential is greatest at rðzÞ ¼ ﬃﬃﬃ3p r0ðzÞ, and
the trap depth near the cavity centre is maximum
when a ¼ 0:492, corresponding to 0.126 times
what the central intensity would be if the beam
power were focussed to a waist radius of w0; in
such circumstances, 99% of the circulating power
is contained within the ﬁrst 5 transverse mode
components. The trap minima lie on a surface
which falls within the 1=e2 surface of the Gaussian
mode for the same cavity (r0 varies between 0.67
w0ðzÞ and 0.71 w0ðzÞ). The intensity distribution
around the centre of an ideal confocal cavity is
shown in Fig. 2.
As an illustration, and to demonstrate the in-
sensitivity to misalignment, we consider the trap-
ping of atomic 85Rb, using a 100 mm long cavity
with only 99% reﬂecting mirrors to enhance the
beam from a 780 nm diode laser. With an incident
power of 100 mW, giving a circulating power of
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10 W and an optimal detuning [23] of 0.006 nm, we
obtain a trap depth of 0.1 K, which is already
deeper than many suggested arrangements despite
the very modest ﬁnesse assumed. Resonators have
been constructed with ﬁnesses in excess of a mil-
lion, so in principle trap depths approaching 10 K
would be possible with the same geometry. Fur-
thermore, the waist radius in this example of 0.1
mm is considerably larger than in many dipole
traps; reducing the cavity length would increase
the beam intensity and hence the trap depth.
Analysis in terms of Laguerre–Gaussian cavity
modes allows the eﬀect of ﬁnite mirror reﬂectivity
and misadjustment to be determined. For a cavity
of length l0 ¼ lþ Dl, at a wavelength for which the
lowest order mode E
ð0Þ
00 is resonant, the Gouy shift
per half round trip relative to that for a confocal
cavity will be given by
/pm ¼ 2ð2p þ jmjÞ tan1
l0
2zR
 

 p
4

: ð5Þ
For mirror amplitude reﬂection and transmission
coeﬃcients r1;2 and t1;2, the forward and backward
travelling ﬁelds of the circulating modes at the
cavity centre may be written in terms of the com-
ponents of the incident beam as [32]
Eþp ð0; 0Þ ¼
t1 exp i/=2
1 r1r2 exp 2i/ apE
ð0Þ
p ð0; 0Þ; ð6Þ
Ep ð0; 0Þ ¼
t1r2 exp 3i/=2
1 r1r2 exp 2i/ apE
ð0Þ
p ð0; 0Þ: ð7Þ
In Fig. 3, we show the intensity distribution
around the centre of a cavity whose 99% reﬂecting
mirrors are 0.1% from their confocal separation.
The nodal surfaces are curved, reﬂecting the in-
crease in Gouy phase with mode number, but the
rings of minimum intensity are qualitatively little
changed: the trap centre and wall maxima occur at
radii around 10% greater, and the central and
trapping intensities are reduced by about a third.
The adjustment precision required will of course
increase with the resonator ﬁnesse.
Provided that the laser wavelength is locked to
the lowest order resonant mode such a cavity
could be readily adjusted by observing the trans-
mitted beam while the mirror spacing is varied, as
indicated in Fig. 1. An image of the cavity centre
should show a clear change in beam radius as
modes are added to the superposition.
Fig. 3. Intensity distribution when the cavity mirrors are
0.1 mm from their confocal separation (Dl=l ¼ 0:001),
for r2 ¼ 0:99, t2 ¼ 0:01.
Fig. 2. The intensity distribution around the centre of a per-
fectly confocal resonator. Here, we have l ¼ 100 mm, k ¼ 780
nm, and the optimum value of a ¼ 0:492. The dashed and solid
lines indicate the nodal and antinodal planes; the dotted line
shows the radius at which the lowest part of the trap wall is
maximum. Contours are logarithmic, with four per decade,
referred to the peak intensity on axis. The bright and dark re-
gions are indicated schematically in the lower half of the ﬁgure.
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3. Conclusion
We have shown that optical ﬁelds suitable for
dipole force trapping of dark-ﬁeld seeking atoms
and molecules may be enhanced by a confocal
cavity that is simultaneously resonant for all of
the component modes. The Gouy phase
introduces a diﬀerence – readily apparent using
geometrical optics – between forward and back-
ward travelling beams that eliminates the nodal
planes of complete cancellation, along which the
dark-ﬁeld seeking species would otherwise es-
cape.
We have considered a perhaps counter-intuitive
example in which a single Gaussian beam is used
to generate a series of dark coaxial rings spaced
half a wavelength apart. These toroidal microtraps
could be interesting for the study of vortices in
Bose–Einstein condensates and the weak interac-
tions between trapped species for quantum com-
puting, while the trap overall would be suitable for
conﬁning spectrally complex molecular species,
whose detection could also be enhanced by the
cavity. Cooling of the trapped species could be
accomplished evaporatively, by gentle reduction of
the laser intensity, or through the interaction of
the sample with the cavity light ﬁeld.
Cavity-enhanced traps thus oﬀer not only deeper
potentials and longer storage times for a given laser
power, but also a mechanism for the production of
unusually shaped trapping potentials. The example
described in this paper forms the basis of a genera-
tion of more advanced cavity-enhanced traps, to
which we shall address future analysis.
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